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Abstract. We derive the defocusing cubic Gross-Pitaevskii (GP) hierarchy 
in dimensions d = 2,3, from an iV-body Schrodingcr equation describing a 
gas of interacting bosons in the GP scaling, in the limit N — > oo. The main 
result of this paper is the proof of convergence of the corresponding BBGKY 
hierarchy to a GP hierarchy in the spaces introduced in our previous work on 
the well-posedness of the Cauchy problem for GP hierarchies, 6, 7, 8], which 
are inspired by the solutions spaces based on space-time norms introduced by 
Klainerman and Machedon in 1231 . We note that in d = 3, this has been a well- 
known open problem in the field. While our results do not assume factorization 
of the solutions, consideration of factorized solutions yields a new derivation 
of the cubic, defocusing nonlinear Schrodingcr equation (NLS) in d = 2, 3. 



1. Introduction 

We derive the defocusing cubic Gross-Pitaevskii (GP) hierarchy from an JV-body 
Schrodinger equation in dimensions 2 and 3 describing a gas of interacting bosons 
in the Gross-Pitaevskii (GP) scaling, as N — > oo. The main result of this paper is 
the proof of convergence in the spaces introduced in our previous work on the well- 
posedness of the Cauchy problem for GP hierarchies, [6J [TJ [8], which are inspired 
by the solutions spaces based on space-time norms introduced by Klainerman and 
Machedon in [23]. In dimension 3, this problem has so far remained a key open 
problem, while in dimensions 1 and 2, it was solved in [241 [5] for the cubic and 
quintic case. 

The derivation of nonlinear dispersive PDEs, such as the nonlinear Schrodinger 
(NLS) or nonlinear Hartree (NLH) equations, from many body quantum dynamics 
is a central topic in mathematical physics, and has been approached by many 
authors in a variety of ways; see [HI [TU [T6l EH [23j [29] and the references therein, 
and also [U El HU1 HH HHJ HTJ [181 [191 EH EOl ESI EH El]. This problem is closely 
related to the mathematical study of Bose-Einstein condensation in systems of 
interacting bosons, where we refer to the important works El EHl E3 [27] and the 
references therein. 

1.1. The Gross-Pitaevkii limit for Bose gases. As a preparation for our anal- 
ysis in the present paper, we will outline some main ingredients of the approach 
due to L. Erdos, B. Schlein, and H.-T. Yau. In an important series of works, 
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[1"4"1 IT5l IT6] , these authors developed a powerful method to derive the cubic nonlin- 
ear Schrodiner equation (NLS) from the dynamics of an interacting Bose gas in the 
Gross-Pitaevskii limit. We remark that the defocusing quintic NLS can be derived 
from a system of bosons with repelling three body interactions, see [5]. 

1.1.1. From N-body Schrddinger to BBGKY hierarchy. We consider a quantum 
mechanical system consisting of N bosons in M. d with wave function <E>tv 6 L 2 (M. dN ). 
According to Bose-Einstein statistics, $at is invariant under the permutation of 
particle variables, 

^n(x^i),X^ 2 ), •••> ^(JV)) = ®n(x1, X 2) ...,X N ) Vtt E S N , (1.1) 

where Sn is the iV-th symmetric group. We denote by L 2 ym (M. dN ) the subspace of 
L 2 (M. dN ) of elements obeying The dynamics of the system is determined by 

the ./V-body Schrodinger equation 

id t ^ N = H N $ N . (1.2) 

The Hamiltonian Hjy is given by a self-adjoint operator acting on the Hilbert space 
L 2 sym (R dN ), of the form 

N 1 

H N = J2(-A Xj ) + - V N ( Xi - Xj ), (1.3) 

j=l l<i<j<N 

where Vn(x) — N d ^V{N^ x) with V > spherically symmetric, sufficiently regular, 
and for < fi < 

Since the Schrodinger equation f| 1 . 2[) is linear and Hm self-adjoint, the global 
well-posedness of solutions is evident. To perform the infinite particle number limit 
N — > oo, we outline the strategy developed in [14l [TS] as follows. 

One introduces the density matrix 

7*jv(*,£iv>£jv) = \^N(t,x N ))(<^ N (t,x' N )\ := $N(t,x N )$ N (t,x! N ) 
where x N — (xi,x 2 , ...,xn) and = (x\, x' 2 , x' N ). Furthermore, one considers 
the associated sequence of fc-particle marginal density matrices ")4 (t), for k — 
1, . . . , N, as the partial traces of 7$ N over the degrees of freedom associated to the 
last (N — k) particle variables, 

7^ = Tr k+hk+2t ... tN \$ N )($ N \ • 
Here, Tik+i,k+2,...,N denotes the partial trace with respect to the particles indexed 
by k + 1, k + 2, N. Accordingly, 7^ is explicitly given by 

l^li-S-k^k) — J dx N _ k ^$ N (x k ,x N _ k -,x! k ,x N _ k ) 

= J dx N _ k $ N {x k ,x N _ k )<P N (x k ,x N _ k ) . (1.4) 

It follows immediately from the definitions that the property of admissibility holds, 
7 £ = Tr fe+1 ( 7 t +1) ) , k = l,...,N-l, (1.5) 

for 1 < k < N - 1, and that Tr7^ = \\®n\\ 2 L 2( Rc in ) = 1 for all N, and all 
k = 1,2,..., N. 
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Moreover, 7^ > is positive semidefinite as an operator S(R. kd ) x S(M. kd ) — > C, 
if, 9) / dxdx!f{x)j(x-x')g(x'). 

The time evolution of the density matrix 7$ N is determined by the Heisenberg 
equation 

i3 t 7$ w (t) = [H N ,j<s, N (t)], (1.6) 

which has the explicit form 

idti<t> N (t,x N ,x N ) = -(A £jv - A^ N )^ N (t,x N ,x N ) (1.7) 

+ ^ XI [ V A r ( a; i- 2: i)- V 'v(^- a; i)]7*iv(^£7V,£Ar)- 
l<i<j<Af 

Accordingly, the fc-particle marginals satisfy the BBGKY hierarchy 

idtT^' N {t,x k '-:^k) = ~( A £ fc - ^h^l(t,x k ,x! k ) 

+^ E [V N (x l ~x 3 )~V N (x' 1 -x' J )hi k l(t,x k ;x: k ) (1.8) 

l<i<j</c 

N — k . fc . , /" 

H — ^— ^ / difc+i[yiv(a;< - x fc+ i) - V N {x' i - x fe+ i)] (1.9) 

where A Xk :— Y]j—i A Xj , and similarly for A x ^. We note that the number of terms 
in (jl.8[) is « — >■ 0, and the number of terms in (|1.9p is fc (^ fc ) — > as TV — > 00. 
Accordingly, for fixed k, (11.81) disappears in the limit N — > 00 described below, 
while (11.91) survives. 



1.1.2. From BBGKY hierarchy to GP hierarchy. It is proven in [TH [T5l [16] that, 
for asymptotically factorized initial data, and in the weak topology on the space of 
marginal density matrices, one can extract convergent subsequences 7^ — ^ 7^ as 
N — > co, for k € N, which satisfy the the infinite limiting hierarchy 

idtl {k) {t,x k -zl k ) = -(A Xk -A x , k )^ k \t,x kl x! k ) (1.10) 

+ K o^(^,fc+i7 fc+1 ) si), 

which is referred to as the Gross- Pitaevskii (GP) hierarchy. Here, 
(B M+l7 *+ 1 )(t,z fc ;a&) 

:= J dx k+ idx' k+1 [5{x 3 - x k+1 )5{xj - x' k+l ) - S(x' j - x k+1 )S(x' j - x' k+1 )] 

■y (k+1} (t,x k ,x k+1 :,x k ,x k+1 ) . 

The coefficient kq is the scattering length if j3 = 1 (see [21 [53] for the definition), 
and kq — J V(x)dx if /3 < 1 (corresponding to the Born approximation of the 
scattering length). For (3 < 1, the interaction term is obtained from the weak limit 
Vm{x) — > kq5(x) in (|1.9p as TV — ► 00. The proof for the case = 1 is much more 
difficult, and the derivation of the scattering length in this context is a breakthrough 
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result obtained in [HI [15]. For notational convenience, we will mostly set kq = 1 
in the sequel. 

Some key properties satisfied by the solutions of the GP hierarchy are: 

• The solution of the GP hierarchy obtained in [T^J [T5] exists globally in t. 

• It satisfies the property of admissibility, 

7 W = Tr fe+1 ( 7 ( fc+1 )) , VfceN, (1.11) 

which is inherited from the system at finite N. 

• There exists a constant Co depending on the initial data only, such that 
the a priori energy bound 

Tr(|S (M) 7 (fe) MI) < C* (1.12) 
is satisfied for all k £ N, and for all t £ R, where 

k 

g <*,«) := Y[(V Xj ) a (V x/ .) a . (1.13) 
i=i 

This is obtained from energy conservation in the original TV-body Schrodinger 
system. 

• Solutions of the GP hierarchy are studied in spaces of fc-particle marginals 
{•yW | ||7( fc )||(,i < oo} with norms 

|| 7 (fe) ||„» := Tr(|S( fc - Q ) 7 «|). (1.14) 
This is in agreement with the a priori bounds (|1.12[) . 



1.1.3. Factorized solutions of GP and NLS. The NLS emerges as the mean field 
dynamics of the Bose gas for the very special subclass of solutions of the GP hier- 
archy that are factorized. Factorized fc— particle marginals at time t — have the 
form 

fc 

7o fe) fefc;£fc) = II Mxj)Mx'j) , 

3=1 

where we assume that 0o £ -ff 1 (K d ). One can easily verify that 

fc 

i (k) (t, x k] x! k ) = n <f>(t, xj)^,^) , 

3=1 

is a solution (usually referred to as a factorized solution) of the GP hierarchy (|1.10[) 
with kq = 1, if 4>{t) £ i/ 1 (R d ) solves the defocusing cubic NLS, 

id t (f> = ~^x.4> + I0| 2 07 (1.15) 
for t £ I C R, and 0(0) = (j) £ H 1 ^ 4 ). 
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1.1.4. Uniqueness of solutions of GP hierarchies. While the existence of factor- 
ized solutions can be easily verified in the manner outlined above, the proof of 
the uniqueness of solutions of the GP hierarchy (which encompass non-factorized 
solutions) is the most difficult part in this analysis. The proof of uniqueness of 
solutions to the GP hierarchy was originally achieved by Erdos, Schlein and Yau 
in [Hl[T5l[T6] in the space {7W | |1t^ [I Ei 1 < f° r which the authors developed 
highly sophisticated Feynman graph expansion methods. 

In [23j . Klainerman and Machedon introduced an alternative method for prov- 
ing uniqueness in a space of density matrices defined by the Hilbert-Schmidt type 
Sobolev norms 

|| 7 «||flj := \\S( k ' a h {k) h>(R*W) < 00. (1.16) 

While this is a different (strictly larger) space of marginal density matrices than 
the one considered by Erdos, Schlein, and Yau, [Ml [15], the authors of [23] impose 
an additional a priori condition on space-time norms of the form 

\\B j;k+1 ^+V\\ L2tHl < C k , (1.17) 

for some arbitrary but finite C independent of k. The strategy in [23] developed to 
prove the uniqueness of solutions of the GP hierarchy (|1.10[) in d = 3 involves the use 
of certain space-time bounds on density matrices (of generalized Strichartz type), 
and crucially employs the reformulation of a combinatorial result in [141 115] into 
a "board game" argument. The latter is used to organize the Duhamel expansion 
of solutions of the GP hierarchy into equivalence classes of terms which leads to a 
significant reduction of the complexity of the problem. 

Subsequently, Kirkpatrick, Schlein, and Staffilani proved in [24] that the a priori 
spacetime bound (|1.17[) is satisfied for the cubic GP hierarchy in d = 2, locally 
in time. Their argument is based on the conservation of energy in the original 
iV-body Schrodinger system, and a related a priori i? 1 -bounds for the BBGKY 
hierarchy in the limit N — > 00 derived in [141 115] , combined with a generalized 
Sobolev inequality for density matrices. 

1.2. Cauchy problem for GP hierarchies. In [6], we began investigating the 
well-posedness of the Cauchy problem for GP hierarchies, with both focusing and 
defocusing interactions. We do so independently of the fact that it is currently not 
known how to rigorously derive a GP hierarchy from the N — ► 00 limit of a BBGKY 
hierarchy with L 2 -supercritical, attractive interactions. In [6], we introduced the 
notions of cubic, quintic, focusing, or defocusing GP hierarchies, according to the 
type of NLS obtained from factorized solutions. 

In [6], we introduced the following topology on the Banach space of sequences 
of A:-particle marginal density matrices 

© = {T = (^ k \x 1 ,...,x k ;x' 1 ,...,x' k )) keN \Tr 1 (k) < 00}. (1.18) 

Given £ > 0, we defined the space 



h% = {r|||r||„ r < 00 } 



(1.19) 
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with the norm 

keN 

where 

||7 (fe) lk" := \\S {k > a ¥ k) \\L* (1.21) 

is the norm (|1 . 16[) considered in [25- If T € , then an upper bound on the 
typical £f Q -energy per particle; this notion is made precise in [6j. We note that 
small energy results are characterized by large £ > 1, while results valid without 
any upper bound on the size of the energy can be proven for arbitrarily small values 
of £ > 0; in the latter case, one can assume < £ < 1 without any loss of generality. 
The GP hierarchy can then be written in the form 

id t T + A±r = BT, (1.22) 

with r(0) = To, where the components of Ar and BT can be read off from p. 101) . 
Here we have set kq = 1. 

In [6j , we prove the local well-posedness of solutions for energy subcritical focus- 
ing and defocusing cubic and quintic GP hierarchies in a subspace of defined 
by a condition related to (|1.17j) . The parameter a determines the regularity of the 
solution, 

r (±,oo) if d = 1 

a G 2l(d,p) := < (f-j^TP 00 ) if ^ > 2 and (d,p) ^ (3, 2) (1.23) 
[ [l,oo) if (d,p) = (3,2), 

where p — 2 for the cubic, and p — 4 for the quintic GP hierarchy. Our result is 
obtained from a Picard fixed point argument, and holds for various dimensions d, 
without any requirement on factorization. The parameter £ > is determined by 
the initial condition, and it sets the energy scale of the given Cauchy problem. In 
addition, we prove lower bounds on the blowup rate for blowup solutions of focusing 
GP-hierarchies in [5J. The Cauchy problem for GP hierarchies was also analyzed 
by the authors of |12j . and the cubic GP hierarchy was derived in [TT] with the 
presence of an external trapping potential in 2D. 

In the joint work [S] with N. Tzirakis, we identify a conserved energy functional 
Ei(T(t)) — Ei(Tq) describing the average energy per particle, and we prove virial 
identities for solutions of GP hierarchies. In particular, we use these ingredients to 
prove that for i 2 -critical and supercritical focusing GP hierarchies, blowup occurs 
whenever Ei(T ) < and the variance is finite. We note that prior to [S], no exact 
conserved energy functional on the level of the GP hierarchy was identified in any 
of the previous works, including [21] and [T4l I15j . 

In [7], we discovered an infinite family of multiplicative energy functionals and 
prove that they are conserved under time evolution; their existence is a consequence 
of the mean field character of GP hierarchies. Those conserved energy functionals 
allow us to prove global wellposedness for H 1 subcritical defocusing GP hierarchies, 
and for L 2 subcritical focusing GP hierarchies. 
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In the paper [8] , we prove the existence of solutions to the GP hierarchy, without 
the assumption of the Klainerman-Machedon condition. This is achieved via con- 
sidering a truncated version of the GP hierarchy (for which existence of solutions 
can be easily obtained) and showing that the limit of solutions to the truncated 
GP hierarchy exists as the truncation parameter goes to infinity, and that this limit 
is a solution to the GP hierarchy. Such a "truncation-based" proof of existence of 
solutions to the GP hierarchy motivated us to try to implement a similar approach 
at the level of the BBGKY hierarchy, which is what we do in this paper. 

1.3. Main results of this paper. As noted above, our results in [6] prove the 
local well-posedness of solutions for spaces 

2D£(J) := {T G Lf el Ul I BT G L 2 teI H? } , a G 2t(d,p), (1.24) 

where the condition on the boundedness of the Lf^jT-L^ spacetime norm corresponds 
to the condition (|1.17|) used by Klainerman and Machedon, [23] . 

This is a different solution space than that considered by Erdos, Schlein and Yau, 
[TU [15]. As a matter of fact, it has so far not been known if the limiting solution 
to the GP hierarchy constructed by Erdos, Schlein, and Yau is an element of (11.24)) 
or not in dimension d > 3 (for d < 2, it is known to be the case, [5] [24]). This is a 
central open question surrounding the well-posedness theory for GP hierarchies in 
the context of our approach developed in [6] [8j [23] . 

In this paper, we answer this question in the affirmative. We give a derivation of 
the cubic GP hierarchy from the BBGKY hierarchy in dimensions d = 2, 3 based on 
the spacetime norms used in [6] I23j. The main result can be formulated as follows: 

Let d — 2,3, and 8 > be an arbitrary, small, fixed number. Moreover, let 

^^dTTTYs- (i-25) 

Suppose that the pair potential V N {x) = N dp V(N^x), for V G W 2 -°°(R d )nL 1 {R d ), 
is spherically symmetric, positive, and V G C s (R^PiL 00 (R d ) decays rapidly outside 
the unit ball. 

Let (&n)n denote a sequence of solutions to the TV-body Schrodinger equation 
(|1.2j) for which we have that for some < £' < 1, and every N G N, 

r $ "(o) - ( 7 W(o),..., 7 ^(o),o,o,...) g u\+ s 

holds at initial time t — 0, and moreover, that the strong limit 

T = lim r*"(0) G U]+ & (1.26) 

exists. We emphasize that Tq does not need to be of factorized form. The additonal 
S amount of regularity is introduced to control the convergence of certain terms, 
see section [5] 

We denote by 

:= ( 7 1>),...,7^V),0,0,...,0,...) (1.27) 
the solution to the associated BBGKY hierarchy (|1.8I) - (|1.9j) . trivially extended 
by 7 g ee for n > N. 
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We define the truncation operator P<k by 

P< K T = (7«..., 7 W o,o,-.-), (1-28) 

and let 

K{N) := b logiV (1.29) 
for some sufficiently large constant bo > 0. 

Then, the following hold for sufficiently small < £ < 1: 

(1) There exists T 6 T yH\ such that the limit 

s - lim P<K(Ar ) r$ JV = T (1.30) 

Af-s-oo — 

holds strongly in T ^H^. 

(2) Moreover, the limit 

s - lim B N P <K(N) T< S>N = BT (1-31) 

holds strongly in j T j %| . 

(3) The limit point T e £^[ * s a m ild solution to the cubic GP hierarchy 
with initial data To, satisfying 

]?(£) = U{t) T + i [ U(t- s)BT(s)ds, (1.32) 
Jo 

with r(o) = r . 

An outline of our proof is given in Section [3] below. 

Remark 1.1. We emphasize the following: 

• The results stated above imply that the N-BBGKY hierarchy (truncated by 
P<K(N) with a suitable choice of K(N)) has a limit in the space introduced 
in [5J, which is based on the space considered by Klainerman and Machedon 
in [23 . For factorized solutions, this provides the derivation of the cubic 
defocusing NLS in those spaces. 

• In [H HS1 [24], the limit 7^ of solutions to the BBGKY hierar- 
chy to solutions to the GP hierarchy holds in the weak, subsequential sense, 
for an arbirary but fixed k. In our approach, we prove strong convergence 
for a sequence of suitably truncated solutions to the BBGKY hierarchy, in 
an entirely different space of solutions. An important ingredient for our 
construction is that this convergence is in part controlled by use of the pa- 
rameter £ > 0, which is not available in [141 1151 124) . Moreover, we assume 
initial data that are slightly more regular than of class Hi, . 
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• We assume that the initial data has a limit, T^ N (0) — > To G as 
N — > oo, which does not need to be factorized. We note that in [141115) . the 
initial data is assumed to be asymptotically factorized. 

• The method based on spacetime norms developed in this paper works for the 
cubic case in d — 2, 3, and is expected to have a straightforward general- 
ization for the quintic case in d = 2. Our result is completely new for the 
cubic case in d = 3; the other cases (of cubic and quintic GP in d < 2) 
were covered in [24]; however the mode of convergence proven here is 
different and the initial data in this paper do not need to be of factorized 
form. A main obstacle in treating the quintic GP hierarchy in d — 3 is the 
fact that the currently available Strichartz estimates are not good enough 
for the quintic GP hierarchy, [5]. 
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2. Definition of the model 

In this section, we introduce the mathematical model that will be studied in this 
paper. Most notations and definitions are adopted from (6i , and we refer to [B] for 
additional motivations and details. 

2.1. The TV-body Schrodinger system. We consider the TV-boson Schrodinger 
equation 

N 

id t $ N = ( - + — V N ( X] -x e )^ N (2.1) 

3=1 l<j<t<N 

on L% ym (R Nd ), with initial data $at(0) = <S> ,n € L 2 Sym (R Nd ). Here, V N (x) = 
N df3 V(N x) for V € W 2 '°°(R d ) (~1 L 1 (M d ) spherically symmetric, and positive. 
Moreover, we assume that € C 1 (R rf ) with rapid decay outside the unit ball. 
The parameter < j3 < 1 is assumed to satisfy the smallness condition (|3.1I) . 

Let 

7 g := Tr fc+1 ,... iA r(|^)(^iv|). (2.2) 
It is proved in Q31 E3 [21] that for V satisfying the above assumptions, 

( $ N , (N + H N ) K t> N ) >C K N K Tr(S^ K h ( £) ( 2 - 3 ) 

for some positive constant C < oo independent of N, K. This a priori bound makes 
use of energy conservation in the TV-body Schrodinger equation satisfied by $at, 
and will be used in the proof of our main results. 

2.2. The solution spaces. We recall the space introduced in [6] 

oo 

(3 .- 0£ 2 (R dfe x R dk ) 

k=l 

of sequences of marginal density matrices 

T := ( 7 (fc) )fe S N 

where j( k ) > 0, TryW = 1, and where every ^ k \x k , x' k ) is symmetric in all 
components of x_ k , and in all components of xl, respectively, i.e. 

7 (fc) (Xr(i) . Xn{k) ; a4'(i)> -1 X '-K>(k)) = 7 (fc) (xi,..., x k ; x[, x' k ) (2.4) 

holds for all 7r,7r' 6 Sk- 

For brevity, we will write x k := (x±, ■ ■ ■ ,Xk), and similarly, x' k :— (x[, ■ ■ ■ ,x'u). 

The fc-particle marginals are assumed to be hermitean, 

7 W fe4)-?fe)- (2-5) 
We call T = (7 (fe) ) fce N admissible if 7W = Tr fe+ i7( fe+1 \ that is, 

l (k) (x k ; x' k ) = / dx k+1 ~f {k+1) (x k ,x k+1 ;x' kl x k+1 ) 
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for all fc e N. 

Let < £ < 1. We define 

:= {r e <8|||r|| w? < oo} (2.6) 

where 

oo 

l|r|| w? = £ai7 (fc) lk" (K -x R -), 

k=l 

with 

||7 (fc) ll^ := \\S( k > a h (k) h* (2.7) 
where := IlJ=i <V a , 1 > a <V a} > a . 

2.3. The GP hierarchy. The main objective of the paper at hand will be to prove 
that, in the limit N —> oo, solutions of the BBGKY hierarchy converge to solutions 
of an infinite hierarchy, referred to as the Gross-Pitaevskii (GP) hierarchy. In this 
section, we introduce the necessary notations and definitions, adopting them from 

i- 

The cubic GP (Gross-Pitaevskii) hierarchy is given by 

k 

idtl {k) = X)[-A x ,,7 (fc) ] + «o^+i7 (fe+1) (2-8) 

in d dimensions, for k G N. Here, 

B k+11 ^ = S+ +l7 (fe+1) - B fc - +1 7 (fc+1) , (2.9) 

where 

B+ +l7 (fc+1) =E^ + i7 (fc+1) , (2-10) 

3=1 

and 

W fc+1) = E^ + i^ +1) ' (2- 11 ) 

3=1 

with 

( B ^fe+i7 (fe+1) ) {t,xi, . . .,a; fc ;xi, ...,x' fc ) 
dx fe+ ida;' fe+1 

5(afj - af A+ i)5(afj - x' k+1 )j {k+1) (t, x u . . . , x k+1 ; x[, . . .,x' k+1 ), 

and 

( B ^k+i"f {k+1) ) {t,x u ...,x k ;x[,...,x' k ) 
= J dx k+ idx' k+1 

6(Xj - x k+ i)8{x' J - :4 +1 )7 (fe+1) (t,2i, • • .,x k+1 ;x' 1 ,.. -,x' k+1 ). 
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We remark that for factorized initial data, 

k 



V"'(0;ak;a&) = JlM^M* 1 ,) , ( 2 - 12 ) 



V"i ±-ki±-k) 

3 = 1 

the corresponding solutions of the GP hierarchy remain factorized, 

k 

1 {k \t,x 1 ,...,x k -x' 1 ,...,x' k ) = H^x^^x'j). (2.13) 

i=i 

if the corresponding 1-particle wave function satisfies the defocusing cubic NLS 

id t <t> = -A0 + K a \<p\ 2 <p. 

The GP hierarchy can be rewritten in the following compact manner: 

id t T + A±r = n BY 

r(o) - r , (2.14) 

where 

k 

A±r := ( Ai fc) 7 < fc ) ) km , with A« = ^ (A X] - A x - ) , 

and 

BT := (B k+ll (k+ ^) keN . (2.15) 
We will also use the notation 

B+T:= (B+ +1 7 (H1) )^n, 
B~T:= (i?- +l7 ( fe+1 )) feeN . 

2.4. The BBGKY hierarchy. In analogy to the compact notation for the GP 
hierarchy described above, we introduce a similar notation for the cubic defocusing 
BBGKY hierarchy. 

We consider the cubic defocusing BBGKY hierarchy for the marginal density 
matrices, given by 

idt^\t) = ^[-A Xj , 7 W(i)] + l Yl [VN{x 3 -x k )^\t)] 

3 = 1 l<j<k 

+ E Tr fe+1 [M^-^ + i),7^ +1) W], (2-16) 

i< 3 <k 

for k = 1, . . . , n. We extend this finite hierarchy trivially to an infinite hierarchy 

( k) 

by adding the terms 7^ = for k > N. This will allow us to treat solutions of the 
BBGKY hierarchy on the same footing as solutions to the GP hierarchy. 

We next introduce the following compact notation for the BBGKY hierarchy. 

k 

i^P = E[-A Xj)7 ^] + n(B N r N )W (2.17) 
3=1 
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(k) 

for k G N. Here, we have 7^ = for k > N, and we define 

{B N T N )W := \ (2.18) 
[ if k> N 

The interaction terms on the right hand side are defined by 

rtmain „,( fe +l) r>+,main (fc+1) r>-,main (fc+1) in in \ 

B N;k+ll N ~ B N:k+l In ~ B N;k+l In > i 2 ' 19 ) 



and 



r>error(k) _ r>+ -error (k) r>-,error (k) /„ n n \ 

B N-k In - B N-,k In - B N,k 7w - I 2 - 20 ) 

r,±,main (fe+1) k v R ±,mam (fe+1) /n ni\ 

i=i 
fe 

R ±, error (fc) _^ o±, error (fc) /„ r,r,N 

N\k IN ■— jy N;i,j;k 'N ' 

with 

(^7V;j;fc+l7Ar ^1) ■ • ■ j Xk',%1, X k ) 

= J dx k+ iV N (xj - x k+ i)^ +1 \t,x u . . . ,x k ,x k+1 ;x\,. . .,x' k ,x k+ i) (2.23) 

and 

= V N (xi-x j )^ k) (t,x 1 ,...,x k ;x' 1 ,...,x' k ). (2.24) 

Moreover, 

{^N-J-M+l^N x l' • ' • ' Xk > x l> ■ ■ ■ ' X k) 

= J dx k+l V N (x' j - a; fe+ i)7^ +1) (i,xi, . . . , x k , x k+1 ; x[, . . .,x' k7 x k+1 ). 

and 

( B N'Zj^k^N ) ) {t,x 1 ,...,x k ;x' 1 ,...,x' k ) 

= V N {x'i - ^)7 (fe) (t,xi, . . .,x k ;x[, . . . ,x' k ) . 

The advantage of this notation will be that we can treat the BBGKY hierarchy 
and the GP hierarchy on the same footing. We remark that in all of the above 
definitions, we have that B N '. k nam , -Biv.fc rrol \ etc. are defined to be given by multi- 
plication with zero for k > N. 

As a consequence, we can write the BBGKY hierarchy compactly in the form 

id t r N + A±r N = B N r N 

IV(0) G H%, (2.25) 



where 



and 
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where 

k 

A ± T N := ( A'Sf 1 ) feeN , with A« = ( A *. ~ . 

3=1 

and 

B N T N := {B N . k+1 ^ +1} ) keN . (2.26) 
In addition, we introduce the notation 

BjjT N := (-B+ ;fe+1 7^ +1) ) keN 
B N T N := (B N . k+1 ^ +1) ) keN 

which will be convenient. 



3. Statement of main results and outline of proof strategy 

The main result proven in this paper is the following theorem. 

Theorem 3.1. Let d = 2,3 and S > be an arbitrary small, fixed number. More- 
over, assume that 

0< 1+1+25- (3 - 1} 
Assume that solves the N-body Schrodinger equation (|2.1[) with initial condition 
$ N (t = 0) = $ ,w G L 2 {R Nd ), where the pair potential V N (x) = N d/3 V(N^x), for 
V e W 2 '°°(R d ) ("1 L 1 (M d ), is spherically symmetric, positive, and V G C 5 {R d ) n 
L°°(M d ) with rapid decay outside the unit ball. 

Let 

= (7&,.. .,7^,0,0,...) (3.2) 

denote the associated sequence of marginal density matrices ( trivially extended by 
zeros), which solves the N-BBGKY hierarchy, 

r*~ (t) = t/(t) r*« (o) + i f u(t - s ) b n t*» (s) ds . (3.3) 



Furthermore, we assume that r*° « e •H^, + ' 5 /or a// N, and that 

r = hm r*°- N g ?d +<5 (3.4) 

N—>oo * 

exists for some < £' < 1. 

Define the truncation operator P<k by 

P<kT = (7 (1) ,..,7 (K) ,0,0,...), (3.5) 

and observe that 

P K r* N (t) = U{t)P K T 9ir (0) + i ( U{t- s)P K B N T q ' N (s)ds. (3.6) 
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Let 

K(N) := b a \ogN (3.7) 

for a sufficiently large constant bo > 0. Then, there exists T 6 L^jf-C^ with BY 6 
Lj e j"H| smc/i i/iai i/ie limits 

lim ||P< A - W r*~ - r|| L « = H i - (3.8) 

1 V — > oo ^ 

and 

lim || B w P< xw r*» - Br|| i? ^ - (3.9) 

/ioW, /or I = [0,T] with < T < To(0> ari ^ / or £ > sufficiently small (it is 
sufficient that < £ < wii/i 77 specified in Lemma \B.3\ below). 

In particular, T solves the cubic GP hierarchy, 

T(t) = U(t)T + i [ U(t- s)BT(s)ds, (3.10) 
Jo 

with initial data Yq . 

We note that the limits K — > 00 and N — » 00 are taken simultaneously, and that 
the smallness of the parameter £ > is used (since small £ > corresponds to large 
energy per particle, this does not lead to any loss of generality) . 

In our proof, we will significantly make use of our work [8] which proves the un- 
conditional existence of solutions Y € L^jH^ of GP hierarchies, without assuming 
BY e L 2 teI H^ < 00. 



3.1. Outline of the proof strategy. The proof contains the following main steps: 

• Step 1: In a first step, we construct a solution to the iV-BBGKY hierarchy with 
truncated initial data. 

First, we recall that the 7V-BBGKY hierarchy is given by 

^ = 5>A KJ ., 7 W] + B N , k+l7 % + V (3.11) 

for all k < N. 

Given K, we let P<k denote the projection operator 

P< K ■ <& -> © 

r N = ( 1 %\^\... n { N N \0,0,...) ^ ( 7 W,..., 7^,0,0,...), (3.12) 
and P>k = 1 — P<k, as well as Pk ■= P<k — P<k-i- 

Instead of considering the solution obtained from 4"^, we consider p. lip with 
truncated initial data Yq N := P<k^o,n, for some fixed K. We will refer to solu- 
tions of this system as the if -truncated N-BBGKY hierarchy, or (K, 7V)-BBGKY 
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hierarchy in short. We note that in contrast, r $JV solves (13. lip with un-truncated 
initial data To, at. 

Next, we prove via a fixed point argument that there exists a unique solution of 
the (K, 7V)-BBGKY hierarchy for every initial condition Tq N € Ti 1 ^ 6 in the space 

{ r£ g L? elK u\t 5 1 b n t« e L^ lK n\t s } . (3.13) 

To this end, we re-interpret T^ N as an infinite sequence, extended by zeros for 
elements (T£ N )W = witifl k> K. 

Hence, we have obtained solutions T^(t) of the BBGKY hierarchy, 

idtT* = A±r^ + B N T% , (3.15) 

for the truncated initial data 

r£(0) = P<kTn(0) = ( 7 ^ ) (0),...,7^ ) (0),0 ) 0,...) (3.16) 

for an arbitrary, large, fixed K < N, and where component (r^)( m )(<) = for the 
m-tli component, for all m > K. By the Duhamel formula, the solution of (13. 15)) 
is given by 

r£(t) = U(t)T%(0) + i f U(t-s)B N T^(s)ds (3.17) 

Jo 

for initial data T§(0) = P< K T N (0). 

• Step 2: In this step, we let K(N) = bologN for a sufficiently large constant 

b > 0, and take the limit N — > oo of the solution to f|3.15[) which was 

obtained in Step 1. 

To this end, we invoke the solution T K of the GP hierarchy with truncated initial 
data, T K (t = 0) = P<a'To £ %\- In |5J, we proved the existence of a solution T A 
that satisfies the -RT-truncated GP-hierarchy in integral form, 

T K (t) = U{t)T K {Q) + % f U(t- s)BT K (s)ds (3.18) 



where (T K Y k ^(t) = for all k > K. Moreover, it is shown in [8] that this solution 
satisfies BT K e £f eJ W£. 

We then prove the following convergence: 

(a) In the limit N — » oo, T^ N ' satisfies 

hm ||r£W-r*WH =0< (319) 

N-^-oo % S 

(b) In the limit N — > oo, BnT^ N * satisfies 

hm \\B N T* W - BT K W\\ L , Hl = 0. (3.20) 

N— too z 5 



1 We observe that then, 113.111 1 determines a closed, infinite sub-hierarchy, for initial data 
Jk (0) = 0> f° r k > K> which has the trivial solution 

(7|f) (fe) W = , te/ = [0,T] , k>K. (3.14) 
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The proof of these limits makes use of the 5 amount of extra regularity of the initial 
data r ,r ,AT £ U\? s beyond 

• Step 3: We compare the solution of the i-T-truncated iV-BBGKY hierarchy 
to the the truncated solution P <K ^ N - ) T^ N of the ./V-BBGKY hierarchy. Notably, 
both have the same value at t — 0, given by P<k(n)^o,n- 

Letting K(N) = bo log N for a sufficiently large constant bo > (the same as in 
the previous step), we prove that 

lim \\T^ N) P <K{N) r*»\\ Lr nl = 0. (3.21) 

and 

hm \\B N r« {N) - B N P <KW T*»\\ La n = 0. (3.22) 

iV— >oo £ 

The proof of this limit involves the a priori energy bounds for the iV-body Schrodinger 
system (|2.3[) established in [21 [HI [24] . The freedom to choose the parameter £ > 
to be sufficiently small is used in this step. 

• Step 4: Finally, we determine the limit N — > oo of r^"^ from Step 2, obtaining 
that: 

(i) The strong limit linijv->oo T 1 *-^ exists in L^°7i^, and satisfies 

hm r A 'W = r e Lfnl, (3.23) 

where T is a solution to the full GP hierarchy (|2 .8[) with initial data IV 

(ii) In addition, the strong limit limjv->oo BT K ^ exists in L^TL^, and satisfies 

lim BT K{N) — BT £ L\U\. (3.24) 

TV— »oo 

The results of Step 4 were proven in our earlier work [8]. 
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4. Local well-posedness for the (K, iV)-BBGKY hierarchy 



In this section, we prove the local well-posedness of the Cauchy problem for 
the if -truncated iV-BBGKY hierarchy, which we refer to as the (K, 7V)-BBGKY 
hierarchy for brevity. In the sequel, we will have d = 2,3. 

Lemma 4.1. Assume that = P<k^o,n £ T~L\t S for some < £' < 1 and 

5 > 0. Then, there exists a unique solution e Lf^U\ +s of (l3~T71) for I = [0, T] 
with T > sufficiently small, and independent of K,N. In particular, B^T^ £ 



-2 avi+d Moreover, 



(4.1) 



II^^H^w^ < c (T,z,?)\\r« N \\ nl + s (4.2) 

/io/c! /or < £ < £' sufficiently small (it is sufficient that < £ < 77^' with r\ 
specified in Lemma \B.3\ below). The constant Cq = Co(T, £, £') is independent of 
K,N. 

Furthermore, (rf (f))W = for all K < k < N, and all t 6 I. 



Proof. To obtain local well-posedness of the Cauchy problem for the (K, 7V)-BBGKY 
hierarchy, we consider the map 



MXH© ) := B N U{t)T% + i / B N U(t-s)e K - l (s) 



(4.3) 



where P^k-iO*' 1 = Q R - 1 on the subspace Ran(P< K ) n L 2 eI U\ +S C L 2 teI U\ +S . 
Using the if -truncated Strichartz estimate in Proposition IA.21 we find that 



lA^cef-V^ef- 1 ) 



< 



< 



ds 



B N U{t-s){®{ 



K-l 



xK-1 



ds 



xK-l 



B N U(t~s)(Q{ 

T 





-0 2 



)00 



Hi 



-2 nj 1 



ds 



(©f- 1 -©2 K - 1 )(s) 



Hi 



(4.4) 



Thus, for (T(if))3 < 2 Ca(K) ' wc ^ nc ^ tnat i s a contraction on L 2 gJ ^^ +5 . 



By the fixed point principle, we obtain a unique solution 1 £ L 2 ^ I 'H 1 ^~ S with 
e^" 1 = P^k-iG^'- 1 satisfying 

QK-l 



, N \t) = B N U{t)T% fi + i I B N U(t-s)e%- L {s)ds. 
In particular, 



(4.5) 







\ Q n 1 \\Ll eI u\ +li ^ \\ B NU{t)T^ \\ L ^ iH i+6 



N 1 Wl* €I H\ + s ( 4 - 6 ) 
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and use of Proposition IA.2I implies that 



\®N 1 \\r 2 u 1+5 — 7^ — 7~ — : r W^ON \\%i 1+s (4-7) 



holds. 

Next, we let 



Clearly. 



r£(t) := U(t)T^ + i I U(t-s)Q§- 1 (s)ds. (4.8) 



\ t n\\l~ 1 u 1 + s ^ W t o,n\\l~ 1 u 1 + s + T2 \\®n 1 hf eI u\ 



< 



1 



from ()4.7p . Comparing the right hand sides of BaT^ and 0^ 1 , we conclude that 



BnT% = e^- 1 (4.io) 



holds, and that 



r£(t) = tf(t)r£ + i / c/(t- s )s^(s)ds (4.11) 

Jo 

is satisfied, with B^T^ £ L^ €I H^ +S . So far, we have established well-posedness of 
solutions of the (if, iV)-BBGKY hierarchy for t £ [0, T] with T < T {K, £). We can 
piece those together, in order to extend the solution to longer time intervals. 



As a matter of fact, we can prove that (|4.9I) can be enhanced to an estimate with 
both Co and To independent of K. To this end, we observe that applying Bn to 
(|4~TT]) . we find 

B N T%(t) = B N U(t)T% + i f B N U(t-s)B N T§(s)ds. (4.12) 

Jo 



It is easy to verify that the assumptions of Lemma lB.3l in the Appendix are satisfied 
for 

6£ := B N T% , := B N U{t)T* N . (4.13) 

We assume that 

£ < f]C < V 2 £ (4-14) 
where < ?/ < 1 is as in Lemma lB.31 Then, Lemma IB. 31 implies that 

\\ B Nr%h* eI ni+« < c(T,^ v )\\B N u(t)r^ N \\ L2teiH ^s 

< C (T,£, V )\\r^ N \\ nl+ s (4.15) 
holds for a constant Cq = Cq(T,£,t]) independent of K,N, and for T < To(£, rj). 

It remains to prove that (T%(t)Y^ = for all K < k < N, and all t £ I. To 
this end, we first note that 

(B N P< K - P< K ^B N )T^ = 0, (4.16) 
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as one easily verifies based on the componentwise definition of Bjsi in (|2.23[) and 
(|2.24[) . Hence, in particular, 

{P >K B N - B N P >K +i) r£ = 0, 

thanks to which we observe that P>#T^ by itself satisfies a closed sub- hierarchy 
of the 7V-BBGKY hierarchy, 

id t {P >K T§) = A ± (P >K r«) + B N (P >K+1 T%), (4.17) 

where clearly, 

P>k+i^n = P>k+i{P>k^n) ) (4-18) 

with initial data 

(p >K r%)(o) = p> K (r^(o)) = o. (4.19) 

Here we recall that the initial data is truncated for k > K . 

Accordingly, by the same argument as above, there exists a unique solution 
(P>kT%) e L™ Z U 6 with B N (P >K+1 T%) € L 2 teI H s such that 

\\B N (P >K+1 T§)\\ L 2 ei ^ < C (T,t,ri)\\(P >K r%)(p)\\H*t' = °' (420) 

for £ < rft;' . Moreover, 

\\P>KT^\\ LntUi < C x {T^ri)\\{P >K TK){Q)\\nli° = °- ( 4 - 21 ) 

This implies that (P>/<T^)(i) = for t s /, as claimed. □ 



5. From (K, 7V)-BBGKY to if -truncated GP hierarchy 

In this section, we control the limit N — > oo of the truncated BBGKY hierarchy, 
at fixed K. 

Proposition 5.1. Assume that V N {x) = N dp V{N^x) with V e C s nL°° for some 
arbitrary but fixed, small 5 > 0. Moreover, assume thatT K 6 W\ +S (I) (see (OH) ) 
is the solution of the GP hierarchy with truncated initial data Tq = P<k^o G T-L^ +S 
constructed in |S]. 

Let solve the (K, N)-BBGKY hierarchy with initial data Tq N := P<k^q,n 6 
U\t 5 . Let 

K(N) := b a log TV (5.1) 
for some finite constant bo > 0. Then, as N — > oo, the strong limits 

lim ||r£< w > -r*W|U,» H , = o (5.2) 

and 

lim \\B N T* [N) - Br K W\\ L 2 H i = (5.3) 
hold, for0<T < r (£). 
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Proof. In [8] , we constructed a solution T K of the full GP hierarchy with truncated 
initial data, T(0) = £ T~i\ +S , satisfying the following: for an arbitrary fixed K, 
T K satisfies the GP-hierarchy in integral representation, 



T K (t) = U(t)Tf + i f U{t-s)Br K (s)ds. 
Jo 

and in particular, (T K )^(t) = for all k > K. 



(5.4) 



(5.5) 



Accordingly, we have 

B N T§ - BT K 

= B N U(t)T* N - BU(t)T* 

+ i [ ( B N U{t - s)B N T% - BU(t - s)BT K ) (s)ds 
Jo 

= (B N - B)U(t)T« N + BU(t)(T« N - if) 

+ i [ (B N - B)U(t- s)BT K {s)ds 
Jo 

+ i I B N U(t- s)(B N T% - BT K )(s)ds. 
Jo 

Here, we observe that we can apply Lemma IB. 31 with 

8£ := B N T%-BT K (5.6) 

and 

Z« := (B N - B)U{t)T* N + BU{t){T« N -TK) 

+ i I (B N - B)U{t- s)BT K {s)ds. (5.7) 
Jo 

Given we introduce parameters satisfying 

£ < r,e < V 2 C < rfC (5.8) 
where < rj < 1 is as in Lemma lB.31 Accordingly, Lemma IB. 31 implies that 
\\B N r§ - BT\\ L 2^ n i 

< c (T,t,a(\\BU(t)(r« N -rK)\\ L2teinii +R K (N)) 

< C 1 (T,t,e,a(\K,N~r«\\ L 2 £inli +R K (N)), (5.9) 

where we used Lemma fA. II to pass to the last line. Here, 

R K (N) = R?(N) + R?(N), (5.10) 

with 

R?(N) := \\(B N - B)U{t)Tl N \\ Ll ^ n (5.11) 

and 

R$(N):= [ (B N - B)U(t- s)BT K (s)ds . (5.12) 

JO L2 tei H \" 

Next, we consider the limit N — s> oo with K(N) = bo logiV, for some finite constant 
b < oo. 
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To begin with, we note that 



lim ||r ,jv - r |Li+5 =0. (5.13) 
Including the truncation at K(N), it is easy to see that 

J im ll r 0JV -r^ (Ar) || H i+ 5 = lim || P <K{N) (T ,n -T ) \\ H i+6 

< lim || r 0j Ar - T \\ n i+s 
= (5.14) 

follows. 

To control R K ( N \N), we invoke Lemma [5.21 below, which implies that for an 
arbitrary but fixed 5 > 0, 

lim R« (N) (N) < lim C V , S C 1 \\rZ$P\\ n v i+s 

= 0, (5.15) 

for a constant Cy,s that depends only on V and S, since 

lim HrfW-roll^+s = 0, (5.16) 

and ||ro|| w i+s < oo. 



lim R* {N \n) < lim Cv^C 1 N~^\\BT K ^\\ r2 v i+, 



Moreover, invoking Lemma 15.31 below, we find 

< lim CvsC 1 ^ 

JV->oo ' 

= 0, (5.17) 

because 

is uniformly bounded in N, as shown in [S]. □ 

Lemma 5.2. Let <5 > be an arbitrary, but fixed, small number. Assume that 
V N (x) = N d ^V{N^x) with V eC s r\L°°. Then, with £ < r)C as in (S3), 

- S)Z7(t)r^|| i?emW x < Cvj^N- 5 ? \\r* N \\ nl + s (5.19) 
/or a constant Cy } $ depending only on V and 8, but not on K or N. 

Proof. In a first step, we prove that 

K^i-B^U^Hth^h^ < C k 2 N-^\\ 7 ^\\ LtmH , + s (5.20) 
holds, for V e C s n L°° with 5 > 0. 

To this end, we note that 
Vn(0 = V(N-PQ , Vfr(0) = J V N {x)dx = J V(x)dx = V(0) = 1, (5.21) 
and we define 

Xn(0 := ~ V(0), (5.22) 
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We have 



XN(q - q') = xn(q - q') + x 2 N {q - q) 



(5.23) 



where 



Xltiq - q') := V N (q - q') - V N (0) , xl{q - q') ■= J,V N (q - q') . (5.24) 



Clearly, we have that for 6 > small, (5-Holder continuity of V implies 

\xUq-q')\ < \\V\\csN-^\q-q'\ s 

< \\V\\ GS N-^(\ q f + \q'f), 

and 

\x 2 N (q-q')\ < II^Hl-^- 1 

is clear. 



(5.25) 
(5.26) 



Next, we let (T,u k ,u' k ), q and q' denote the Fourier conjugate variables corre- 
sponding to (t,x k ,x' k ), Xk+i, axidx' k+1 , respectively. Without any loss of generality, 
we may assume that j = 1 in Bn^^+i and Bj-k+i- Then, abbreviating 



£(...) : = S(T+(u 1+q - q ') 2 + J2^ + 9 2 -\^\ 2 -(q') 2 ) 

we find 

S^HB N;1;k+1 -B 1 ., k+1 )U( k + 1 Ht) 7 ^ 
dr J du k dy! k f\{ujf {u^) 2 



(5.27) 



L 2 (KxK dfc xR dfc ) 



(5.28) 



( / dqdq 5{---)xN{q-q')l {k+1) {T,u 1 + q - q' ,u 2 , . . . ,u k ,q;u' k ,q')^j 

similarly as in |23[ 124 . Using the Schwarz inequality, this is bounded by 

< dr du k du' k J(T,u k ,u' k ) / dqdq'S(---) 
Jr J J 

( Ul + q q') 2 {q)\q') 2 {[ (urf {[ (u>,) 2 \ XN (q q') | 2 



J=2 



j'=l 



7 (fc+1) (r, mi +q- q',u 2 , ■ . . , u k , q; u' fc , q') 



where 



J(T,U k ,U k ) ~ 

The boundedness of 



dq dq' - _ 
R 3 xR3 (ux + q-q') (q) (q') 



1 

Cj := ( sup J(T,u k ,u' k )Y < 

T- II _ 0/' ' 



(5.29) 



(5.30) 



(5.31) 



is proven in [2 3) for dimension 3, and in [6J [24] for dimension 2. 
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Using (|5.25|) and (|5.26|) . we obtain, from the Schwarz inequality, that 
K29h < Cv.J f dr [ du k dy! k [ dqdq' (N- 2Sf} (\q\ 2S + \q'\ 2S ) + k 2 N~ 2 ) 



7 (fc+1) (r,wi + q - q',u 2 , . ■ . ,U k ,q;yf k ,q') 



(5.32) 



where Cy,j '■= CyCj, and Cy is a finite constant depending on V. Hence, 



< CyjN-^W^W 2 ^ + C VJ k 2 N~ 2 \\^\\ 2 H1 

< C v ,jk 2 N-^\\ 7 ^\\% 1+s (5.33) 



follows, given that 8(3 < 1 for 5 > sufficiently small. 
Therefore, we conclude that 



\\(B N - B)U(t)Jf \\ Lhmn 

K 



k=l 



K 



H, 



k=l 



< CN^>(w#(^f)V X W$\\n 

-5/3 f -l » r K 



< CN-° P C 



for £ < This proves the Lemma. 



(5.34) 
□ 



Lemma 5.3. Assume that V N {x) = N d ^V{N^x) with V £ C s n L°° . Then, 



[ (B N - B)U(t- s)BT K (s)ds 
Jo 



< Cy.sC 1 ^ N~ s/3 \\BT K \\ L ^ iHl +j (5.35) 



where the constant Cy.s > depends only on V and S, and £ < T)£ as in (|5.8 
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Proof. Using Lemma [5721 

/ (B N - B)U{t- s)BT K {s)ds 
Jo 

r T 

< / (B N - B)U(t- s)BT K (s)ds 
Jo 



7-2 •1/1+5 



< Cv^sC'N-^ f \\BT K (a)da\\ i+s 
Jo «"' 

I 



for Cy,s as in the previous lemma. This proves the claim. 



(5.36) 
□ 



6. Comparing the (K, iV)-BBGKY with the full Y-BBGKY hierarchy 

In this section, we compare solutions of the (K, Y)-BBGKY hierarchy to 
solutions r* N to the full iV-BBGKY hierarchy obtained from $jy which solves the 
iV-body Schrddinger equation (|2.1I) . 

Lemma 6.1. There is a finite constant C(T, £) independent of K,N such that the 
estimate 

\\ B N^N ~ B nP<K^ N \\l1^H\ 

< C(T,$(e) K K\\(B N T*»)W\\ LkiHl (6.1) 

holds, where (B^T^ N )^ K ' is the K-th component of B^T^ N (and the only non- 
vanishing component of PkBnT® n ), and £' = £/rj with r\ specified in Lemma \B.3\ 
below. 

Proof. We have already shown that B^T^ G L^ &1 %^. Moreover, it is easy to see 
that 

WBnTUl^uI < C(N,K,T). (6.2) 

The easiest way to see this is to use the trivial bound ||Vjv||l°° < c(N), and the 
fact that I = [0, T] is finite. 

Thus, 

B N r% - b n p< k t*» e L 2 teI n\ (6.3) 

follows. 
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Next, we observe that 
(B N T§ - B N P< K T' s '-)(t) 



= (B N T^ - P< K ^B N r*»)(t) (6.4) 
= B N U(t)T%(0) - P< K ^B N U{t)T N (0) 

+ i / B N U(t - s)B N T%(s)ds - i / P< K -iB N U(t - s)B N T* N (s) ds 
Jo Jo 
= (B N P< K - P< K _ 1 B N )U(t)T N (0) 

+ i(B N P< K - P< K _xB N ) I U(t-s)B N r*«(s)ds 

Jo 

+ i / B N U(t - s)B N T%(s) ds 
Jo 

-iB N P< K [ U(t- s)B N r*"(s)ds 
Jo 



= {B N P< K - P<jc-xB N )T**>{t) 

nt 

+ i 



i f B N U(t-s)(B N T% - P< K _ 1 B N T^)(s)ds 
Jo 

+ i{B N P< K _ 1 ~B N P< K ) [ U(t-s)B N T*»(s)ds, (6.5) 

Jo 

where to obtain (|6.4j) we used the fact that 

(B N P< K - P< K ^B N )r*» = 0, (6.6) 

which follows, as (|4.16p . based on the componentwise definition of Bm in (|2.23[) and 
(12.241) . Now we notice that BnP<k — BnP<k-i = BmPk- Hence (|6.5[) implies 
that 

(B N T% - P< K ^B N T*»)(t) 

= (B N P< K - P< K ^B N )T^ N (t) 

-i [ B N U(t- s)P K B N T' i ' N (s)ds 
Jo 

+ i f B N U(t-s)(B N T§ - P< K _ 1 B N T^)(s)ds, (6.7) 
Jo 



which thanks to (|6 . 6[) simplifies to 

(B N T% - P< K _ l B N T*> r )(t) 



[ B N U(t-s)P K B N T' s ' N (s)ds 
Jo 

+ i f B N U(t~s)(B N T^ - P< K ^B N T*»)(s)ds. 
Jo 



We observe that the term in parenthesis on the last line corresponds to (|6.4|) , which 
is the same as (|6.3|) . Therefore, we can apply Lemma TB. 3 1 with 



0g(t) := B N T§(t) - P< K _ 1 B N r"» (t) (6.9) 
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and 

E%(t) := -if B N U{t - s)P K B N T* N (s)ds . (6.10) 
Jo 

We note that for the integral on the rhs ol (|6. 10|) . 

|| J B N U{t - s)P K B N T*»{s) ds\\i^H\ 

<CT$K\\P K B N T*»\\^ iH i, (6.11) 

for a constant C uniformly in N and K , based on similar arguments as in the proof 
of Lemma 15.31 and using the Strichartz estimates (|A.19I) and (IA.31[) . 

Accordingly, Lemma \B . 3 1 implies that 

\\B N r* - B N p< K v^\\ LleiUl 

= \\B N T« - P< K ^B N T^\\ Ll&iUl 

< C(T, K \\P K B N |U ?ejW |, , (6.12) 

where Pk = P<k — P<K-i, and £' = ^/rj with n specified in Lemma [B.3I below. 
This immediately implies the asserted estimate, for T sufficiently small (depending 
on K). Clearly, 

\\P K B N T*»\\^ iHl = (£') K \\(B N r*»)W\\ LUiHl . (6.13) 

Therefore, 

\\B N r* - b n p< k t*»\\ lUiU i 

< C{T,i){0 K K\\{B N T^ K )\\ LUim , (6.14) 

as claimed. Here, we have used the result of Lemma IB.31 and used the fact that 
Pk BmT^ n has a single nonzero component. □ 



7. Control of L* n and as N -> oo 

In this section, we control the comparison between r* N and in a limit N — > oo 
where simultaneously, K = K(N) — > oo at a suitable rate. 

Proposition 7.1. Assume that 

K{N) := b \ogN, (7.1) 

for a sufficiently large constant bo > 0, and that £ < 55- where b\ is the constant 
given in Lemma \ 7. '2\ below. Then, 

lim \\B N r'< {N} - P<k ( n)-iBnT* n \\ l1 n = (7.2) 

holds. 
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Proof. From Lemma 17.21 below, we have the estimate 

< C{T,i)N {d+1)fi K 2 {b^) K (7.3) 
where bi, Co are independent of K,N. 

By assumption, bi£ < \. Therefore, we have that for sufficiently large bo, 
N (d+i)0 K 2 ^ )K {N) < C N( d+1 W(b logN) 2 2- b ° l °z N 

< N' e , (7.4) 
for some e > 0. This immediately implies the claim. □ 
Lemma 7.2. The estimate 



\Bn^n ~ P<k-\Bn^* 



< C(T,0 N {d+1 ^ K 2 (ht) 



K 



(7.5) 



holds for finite constants b±, Cq independent ofK, N, andT. The constant b\ only 
depends on the initial state $at(0) of the N-body Schrodinger problem, and on the 
constant r/ in Lemma \B.3\ below. 



Proof. From Lemma 16. 11 we have that 

\\B N T§ - P< K ^B N T"-\\ L , ein 

< C^O^^fKUB^Y^h^m (7.6) 
holds for a finite constant C(T, £) independent of K, N. 
We have 
||(B+r*")W||£, t m 



c 



K , K 



(dt f dx K dx' K \f2 f [fl<V, J )(V :c ,)]v)v( 



(xt - XK+l)$N(t,X N ) 



$Ar(t, x' K , X K +1, • ■ • , x N ) dx K +i ■ • ■ dx N 

K „ K 



< C\\V N f cl fdt fdx N \j2 I [n<Vx,)]<M*,£iv) 

r K 

sup / dx! N [TT( V <-)1 ®N(t,xf N ) 
tei J 1 L r_i J 

< c TN 2 ( d+1 ^K 2 sup (Tt^' 1 

tei ^ 



(7.7) 
(7.8) 



using Cauchy-Schwarz to pass to (|7.7I) . and admissibility to obtain (|7.8I) . 
It remains to bound the term 

T*(S<*.*> 7 W) 



(7.9) 



DERIVATION OF THE CUBIC CP HIERARCHY 29 

in (|7.8p . To this end, we recall energy conservation in the -/V-body Schrodinger 
equation satisfied by $n- Indeed, it is proved in [21 [US EI] that 

( <&jv , (iV + H N ) K 3> N )>C K N K Tr(S^ K ^J) (7.10) 

for some positive constant C > where 

7 g = Trfc+L.^ivd^iv)^!). (7.11) 

This implies that 

TriS^^) < (b[) K (7.12) 
for some finite constant b[ > 0. We then define b\ := &i»7 -1 . 
The fact that 

HVivlIci < CN^ d+1 ^ (7.13) 

follows immediately from the definition of Vjy. □ 



8. Proof of the main Theorem 13. II 

We may now collect all estimates proven so far, and prove the main result of this 
paper, Theorem 13. II 

To this end, we recall again the solution T K of the GP hierarchy with truncated 
initial data, T K (t = 0) = P<k^o € H^. In [8], we proved the existence of a solution 
that satisfies the i^-truncated GP-hierarchy in integral form, 

T K {t) = U(t)T K (0) + i f U{t- s)BT K {s)ds (8.1) 

Jo 

where (T K )( k \t) = for all k > K. Moreover, it is shown in [B] that this solution 
satisfies BT K e L 2 teI T-L\. 

Moreover, we proved in [8] the following convergence: 

(a) The strong limit 

r := s - lim € LfU\ (8.2) 

exists. 

(b) The strong limit 

9 := s - lim BT K G h\u\ . (8.3) 
exists, and in particular, 

9 = BY . (8.4) 
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Clearly, we have that 

lisr - 



< \\BY-BY K ^\ 



In the limit N 
Moreover 
Finally, (157)) 
Therefore, 



+ \\BT^-B N T K N ^\\ L2tein 

+ \\b n t% w - B N p< K(N) r*»\\ Ll€in . 

oo, we have that ([53]) -> from and (15^)) . 
— >• follows from Proposition EHJ 
follows from Proposition l7.il 



lim \\BT - B N P, 



N- 



N^<K(N) i 



follows. 

Moreover, we have that 



V \\L Tel U\ 



< 



\^<K(N) 1 



^K(N) 



- ri 



r K(N), 

T OO OJ 1 



\vf N) - r A 'W| 



roc i/l 



(8.5) 
(8.6) 
(8.7) 



(8.8) 



(8.9) 
(8.10) 
(8.11) 



In the limit N 
Indeed, 



oo, we have (|8.9j) — > 0, as a consequence of Proposition 17.11 



l-P<if(Af)r 



,ff(»)i 



<T*||B^w 



B N P< K(N) T*"\\ LUi 
where the rhs tends to zero as N — ► oo, as discussed for (|8.7[) . 
Moreover, (pHO)) ->■ 0, as a consequence of f|8 . 2[) . 
Finally, (|8. 1 1|) — ► follows from Proposition ETJ 
This completes the proof of Theorem 13. II 



5.12) 



□ 
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Appendix A. Strichartz estimates for GP and BBGKY hierarchies 

In this section, motivated by the Strichartz estimate for the GP hierarchy, we 
establish a Strichartz estimate for the BBGKY hierarchy. 



A.l. Strichartz estimates for the GP hierarchy. Following [8], we first recall 
a version of the GP Strichartz estimate for the free evolution Uit) — e ltA± = 
([/(") (i))„ eN . The estimate is obtained via reformulating the Strichartz estimate 
proven by Klainerman and Machedon in }23j . 

Lemma A.l. Let 



Then, the following hold: 

(1) Bound for K -truncated case: Assume that Tq G for some < £ < 1. 
Then, for any K G N, there exists a constant C{K) such that the Strichartz 
estimate for the free evolution 



holds. Notably, the value of £ is the same on both the Ihs and rhs. 

(2) Bound for K — >• oo: Assume that Tq G TL^, for some < £' < 1. Then, 
for any < £ < there exists a constant C(£, £ ) such that the Strichartz 
estimate for the free evolution 




(A.l) 



(A.2) 



\\BU(t)T Q \\ LUnt < C^,e)\\T \\n tl 



(A.3) 



holds. 



Proof. From Theorem 1.3 in |23j we have, for a G 2l(cZ, p), that 



\\B k+1 U^ k+1 Ht) 1{ 



(fc+1) 




o 



k 




(fe+i) 



(A.4) 



fc + 1 
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Then for any < £ < we have: 

k>l 



<Cj2keH k+1) \\ HS+1 (A.5) 



k>l 



k>l 



< C(0 supfc 



fc>i 

<c(c,OI|ro||7i ?#) 

where to obtain (|A.5| we used (|A.4|) . 
On the other hand, we have 



(|) fc E(o (fc+i) ii7r i} ik 



\\Bu(t)T«\\ LUH « < j2e\\B k+1 u^\t)^\\ LUHS 

fe=l 

<C E fc ^H7o fc+1) ll^ +1 (A.6) 
fc=i 

fc=i 

This proves the Lemma. □ 
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A. 2. Strichartz estimates for the BBGKY hierarchy. In this subsection, we 
prove a new Strichartz estimate for the free evolution U(t) = e ltA in L^/Hf, for 
the BBGKY hierarchy, at the level of finite N. This result parallels the one for the 
GP hierarchy, which was stated in Lemma [A. II 

Proposition A. 2. Let a € 21(d) for d > 2, and 

Assume that V € L^IR^), and that V decays rapidly outside the unit ball. Letting 
Co := 1 — f3(d + 2a — I), the following hold: 

(1) Bound for K -truncated case: Assume that Tq 6 for some < £ < 1. 
Then, for any K G N, there exists a constant C(K) such that the Strichartz 
estimate for the free evolution 



\ B ~U{t)P< K T Q \\ LlmHt < r'CK \\r \\n* (A. 



an 



d 



\\BF"U(t)P< K T Q \\ LWl . < C l CKN-°°\\r \\ H? . (A.9) 
Notably, the value oft; is the same on both the Ihs and rhs. 

(2) Bound for K -> oo: Assume that T N {0) E H^, for some < £' < 1. Then, 
for any < £ < there exists a constant C(£, £') such that we have the 
Strichartz estimates for the free evolution 

\\Br in u(t)r N (o)\\ L 2 mnt < C(Z,?) \\r N (Q)\\ utl (A.10) 



\\B^U(t)T N (0)\\L^n t < C(t,e)N- c ° \\T n (0)\\h° ■ (A.11) 



Proof. We recall that Bn contains a main, and an error term. We will see that 
the error term is small only if the condition (|A.7|) on the values of (3 holds. This is 
an artifact of the L 2 -type norms used in this paper; squaring the potential Vjv in 
the error term makes it more singular to a degree that it can only be controlled for 
sufficiently small (5. 



(1) The main term. We first consider the main term in B^. k . k+1 j N + . We have 

^ +1) (^ +1) (o)||| ?eRffQ 

= ii^ri^ +1) (*)7? +1) (o)ii! ?ei! H<» 

= J dt J dx k dx? k S {k < a) J du k+1 du' k+1 J dx k+l J dq VW(q) e w(«*-**+i) 

e i Y. k j=i( x i u j- x 'j u 'j) gia;fc + i(«fc + i-«'fc + i) 

e^^^-W^^CO;^;^) ' (A.12) 
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J dt J dx k dx k J du k+1 du k+1 duk+idu' k+1 J dxt+idxk+i J dqdq 
fc-l 

[ l[{u j ) a (u' j ) a (u j r(u' j )'*] (u k + q) a (u k + q) a ( U ' k ) a {u' k ) a 



V N (q)V N (q) e^k-x k+ i)-iq{x k -x k+ i) 

^^ i = 1 {xjUj-x'-u' j -XjUj- s rx' i u' i ) e ix k + 1 (u k + 1 -u' k + 1 ) - ix k + 1 (u k + 1 +u' k + 1 ) 

7^ (fe+1) (0; u k +i 5 Mk+i) 7JV (fc+1) (0; "fc+i ! 



(A.13) 



fc-i 



du k+1 dy/ k+1 du k du k+1 du' k+l [ JJ (^) 2a (^) 2a «} 



,;=i 



dgdg Viv (q) V N (q) (u k + q) a (u k + q) a 

S(q - q + u k - u k )S(-q + u k+ i - u' k+1 )8(-q + u k +i - u' k+ i) 

Sit 1 ~2 i 2 
S { u k - u k + u k+l 



L k+l ~ \ a k+l 



«+i) 2 + (u'k+if) 



(A.14) 



7^ (fc+1) (0; u k+1 ; u' k+1 ) "m (k+1) (0; U^Uk, u k+ i,u' k , u' k+1 ) 
To pass from (|A.13I) to (|A.14I) . we have first integrated out the variables x_ k _ 1 ,'x i ., 



thus obtaining delta distributions Ylj=i 3{ u j~ Yle=i 3( u 'e~ ^e) enforcing momen- 
tum constraints, which we subsequently eliminate by integrating over the variables 
£, for j = 1, . . . , k — 1, £ = 1, . . . , k. The first delta distribution in (|A.14[) stems 



from integration in x k , the second and third from integrating in Xk+i and Xk+i, and 
the fourth from integrating in t (where terms of the form uj — u 2 and (u' e ) 2 — (u' t ) 2 
for j = 1, . . . , k— 1, I = 1, . . . , k have canceled, due to the momentum constraints). 
We note that the expression (IA.14I) differs from the corresponding ones in [5j [6l [23] 
where the Fourier transform in t was first taken before squaring (in particular, the 
delta implementing energy conservation in (|A.14|) is simpler). Then we have: 



fc-i 



du. 



k+idu'kdukduk+i [Y[( u o) 2a ( u 'j) 2a i u k, 



2d 



(A.15) 



dqdq V N {q) V N {q) (u k + q) 2a 5{q - q + u k - u k ) 

5{u 2 k - u\ + u 2 k+1 - (u k +i - qf - u 2 k+1 + (u k+1 - q) 2 ) 



^ k+1 \0:,u k+1 ]v/ k ,u k+1 - 9)7^ (fc+1) (0;u fc _ 1 ,u fc ,u fc+ i;M' fe ,M fe+ i - q) 
J du k+1 dy! k du k du k+1 [l[(u j ) 2a (u' j ) 2a ] (u' k ) 2a (A.16) 



dq V N (q) V N (q + u k - u k ) (u k + q) a 

8{u k ~ul + u 2 k+1 - (u k+1 - q) 2 - u 2 k+1 + (u k+1 -(q + u k - u k )) 2 ) 
7^ (fe+1) (0;u fc+1 ;u^u fc+ i - q) 

^ k+1 \0;u k _ 1 ,u k ,u k+ i;u k ,u k+ i - (q + u k -u k )) 
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fc-1 



du k+1 dvf k du k du k+1 [ J] (%} 2Q (ii;) 2Q ] {u' k ) 2a (A.17) 



3=1 

\2q 



V/v(g + Ufc) Vat((7 + u fc ) (u k +u k + qY 



7^ (fc+1) (0;u fe+1 ;u' fe ,M fc+ i - g - u fc ) 7A? (fc+1) (0; tt fc , u fe+ i; u' fc , w fc+ i -q-u k ) 

where to obtain (|A.15I) we integrated out the variables u' k+1 , u' k+1 , to obtain (|A.16[) 
we integrated out the variable q and to obtain (|A.17|) we performed the shift q — > 
q + u k . The last expression is manifestly real and non- negative. One immediately 
finds the upper bound 

< WVnWl- I du k+1 du' k du k du k+1 dq (u k + u k + q) 2a [ JJ ( Uj ) 2a (u' 3 ) 2a ] {u' k ) 2a 

3=1 

K u k - "fe + u l+i ~ K+i - 1 - u k f - u 2 k+1 + (u k+1 -q- u k )f) 



In (0;u fe+1 ;u fc ,ttfc + i — g — ttfc)7jv ' {U;u k _ 1 ,u k ,u k+ i;u k ,u k+1 - q - u k ) 

< C\\^ k+1) f H „ +i . (A.18) 

Here, we have used || Vjv || l=° < ||V/v[|£i = ||^i|U x uniformly in N, and the Strichartz 
estimate for the free evolution in the (infinite) GP hierarchy. 

Therefore, we conclude that 

\\Bp^ru {k+i \t)^ +i \o)\\ L ^ HS 

< 



sup H s wi^ (fc+1) (^^(OJII^ 



3 

k 2 



< C(k-^)\\^ +1 \0)\\ Ha . (A.19) 
Hence we have that 



k>\ 



fe>l 

fe>i / 



/c>i 



fc>i 



< ^,0(1 + ^)11^(0)11^, (A.21) 
where to obtain (|A.20|) we used (|A.19|) . 
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(2) The error term. Next, we consider the error terms B^] e k rror j < £\ By symme- 
try, we have 



il^;™^ (fc) (*)7^(o)ii^. 
= \\BprA r u (k Ht)^\o)\\l, Ha 



iq(xi—X2) 



= j dt J dx k dx? k S (fc,a) J du k dv! k j dqV N (q)e 

e iEj =1 (x,«,-x;^) e itE, fc =1 K 2 -K) 2 )^W( 0;Mfe; ^) 



dt I dx k dx' k 



du k du' k J dqV N {q)e lq(xi - x ^ 
k 

3=3 

e *E;=i(^«i-xju;) e «E;=i(«?-(«;) a )^(fc)(o ;2Sfc;a j fe )| 2 

f du fc d«j fe d« 1 d5 2 <«' 1 ) 2Q K> to n^) 2a K-) 2a 

J 3=3, 

J dq dqVN{q) Vjf(q) (m + q) a (u 2 - q) a <«! + g>° (u 2 - q) a 

S(q - q + ui - ui) 5(q - q — u 2 + u 2 ) 5(uf + u 2 — Ui — u 2 ) 
^ k H0;u k ;u/ k )^ {k \0]Ui,u 2 ,u 3 ,.. .,u k ;u' k ) 

I du k du' k («i) 2Q <t4> 2Q li(%) 2a (^) 2Q (A.22) 



j=3 



\2a 



J dqdqV N {q)V N (q) (m + q) 2a (u 2 - qf 

5(u\ + ul - (ui + q - qf - (u 2 - q + qf ) 

lN ik) (0; u k ; u' k ) JN^ (0; Ui + q - q, u 2 - q + q, u 3 , . . . , u k ; u' k ) 



k 

= I ' du k dy! k [f[{u j ) 2a (u l j ) 2a \ j dqdqV N {q)VN($) 
J j=l J 

S( (ui - q) 2 + (« 2 + qf - («i -q) 2 - {U2 + q) 2 ) 
7^ (fc) (0;Mi -q,u 2 + q, u 3 , . . . , u k ; y/ k ) 



(A.23) 



7^ (fc) (0; ui - q,u 2 + q,u 3 , . . . ,u k ;u' k ) 
= J du k du k JdqdqV N (q)V N (q)5(2(-ui+u 2 + q + q)-(q-q)) 

k 

\\\,{ u i) 2a { u 'j) 2a 7w (,c) (0; u i ~q,U2 + q,u 3 , . . .,u k ;u' k ) 

3 = 1 



7^ (fc) (0;ui - q,u 2 + q,u 3 , . . -,u k ;u' k ) 
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where to obtain (|A.22|) we integrated out the variables ui , U2 and to obtain (|A.23j) 
we performed the shifts ui — > u\ — q and U2 — > 112 + q- Clearly, the last expression 
is bounded by 

ii^™^ (fe) W7^ fe) (o)ii! ? ^ < c v {N)Wi { #mh ( A - 24 ) 

C V (N) := sup dqdqS(2(-u 1 +u 2 + q + q)- (q-q)) 



'N-iJ-k 

where 



V N (q)V N (q) { Ul ) 2a (u2) 2a 



(ui - q) a {u 2 + g) Q (wi - q) a (u 2 + q) a ' 

and ||VAr||ioo < 1 1 Vjv Hi 1 < C, uniformly in N. We may assume that suppjVjv} C 
Bc N p(0), for some constant C. The modifications for Vn non- vanishing, but de- 
caying rapidly outside Bq N p(0) are straightforward. 

Then, 

CAN) < sup <"'> 2 °'" 2 > 2 '" 



Ul,u 2 eR d ;q,qeB CNf ,(0) 



(a 



l-q) a (u 2 + q) a (ui-q) a (u 2 + q)c 



sup / dqdqS(2(-Ui + U% + q + q) ■ (q - q) ) 

ui,u 2 Jb cnI3 (0)xB cnI3 (0) 

< C(NP) 4a sup / dv + dv-S(2( 

u Jb cn0 (o)xb cnI} (o) 

(A.26) 

< C*(A^) 4Q sup / dv+dvh-. — - — - (A.27) 

u Jb gn? (0)xv n p \u + v+\ 

= C(N fi ) ia+d - 1 [ P± (A.28) 
Jb onP (o) \v+\ 

< C {N^) ia+2d - 2 . (A.29) 
To pass to (|A.26I) . we used 

{ Ul ) 2a {u2) 2a 



sup 

u 1 ,u 2 m d ;q,q£B CNf3 (0) 



(ttl - q) a (u 2 + q) a (u! - q) a (u 2 + q) a 



< C (A^) 4q (A.30) 



where we note that the maximum is attained for configurations similar to u\ = q = 
q = -U2,\q\ = 0(NP). 

Moreover, we introduced v± := q ± q as new variables. Passing to (|A.27|) . we 
integrated out the delta distribution with the component of w_ parallel to u+v + , for 
fixed v+ and u := U\ — u%. Accordingly, we denoted by v_ the (d — l)-dimensional 
variable in the hyperplane 

V := {v e R d I v _L (u + v+) } 

perpendicular to u + v + , for w, u + fixed. 

The integral in w_ is supported on the set T> N p, given by the intersection of 
a ball of radius 0(N°) with the hyperplane V. The measure of T> N p is at most 
0((N p ) d ~ l ). This is accounted for in passing to (|A~28|) . 
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The integral in v+ in (|A.27j) over a ball or radius O(N^) in R d yields another 
factor 0((jVP) d_1 ) in dimensions d > 2. To make this evident, we have shifted 
v + -> v + + u in (|A.28|) . 

Similarly, we can bound the term \\B^\^ ror U^ k \t)^ (0)\\ L 2 ^jja. 

Thus, we conclude that 

\\B%fr r u {k \t)^m L ^ k 

< Ck(k-l)N^ d+2a - 1 '>- 1 \\ i P(0)\\ Ha . (A.31) 



We may now complete the proof. 
• Bound for K — ¥ oo : We have 



J2e\\Bp.^u( k Ht)^\o)\\ L ^ 
i 

< C N^ 2 ^- 1 Y, Hk ~ 1) e hP (0) ||h- (A.32) 



fc>i 



k>l 



k>l ^ ' 

< CiV^-^sup^-l)^)^ Il7^(0)||^ 

< c^r)^^ 2 "" 1 )- 1 Hrjv(O) (A.33) 

where we used (|A~3Tj) to obtain (|A~32|) . 

Summarizing, we combine (|A.21[) and (|A.33[) to obtain: 



\B N U(t)T N (0)\\ L 3 enHt 



J2t k \\(B N u(t)r N (o))( 



\ ■'- ' . V v ' \ ' ■' ! ..VI 1 '/' 

fc>l 



k>l 



-E^ii^r or ^ (fc) W7^(o)ii i?eE ^ 



fe>i 



< C(C,e')(l + ^ 1 +^ (d+2 ^ 1K1 )l|riv(0)||w« . (A.34) 
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• Bound for finite K : Replacing the infinite sum over indices k in (|A.33[) by a finite 
sum with 1 < k < K, it is easy to see that one gets 

\\B N u(t)p< K r N (o)\\ L 2 mH „ 

= J2$ k \\(B N U(t)P< K T N (0))( k )\\ LUHt 
fe=i 

< X>* \\B%^Tu {k+1 \t)iT 1) m\Li es H t 
fe=i 

+jie\\B%: ror u^\t)^\o)\\ L ^ Ht 

k=l 

< CK^il + N- 1 +N^ d+2a -V- 1 )\\r N (0)\\ nt (A.35) 
(by setting £ = and taking swp 1<k<K in the second last line of (| A.33|) )). 

This concludes the proof. □ 

Remark A. 3. We note that the restriction on f3 is due to the error term in B^. 
It stems from the fact that since we are using the L 2 -type H a -norms, the quantity 
Vn, which is essentially a Dirac function, is squared. We can only expect to get 
ft = 1 if we use L l -type trace norms similarly as Erdds, Schlein and Yau, [14[|15j . 

The main term in Bn , on the other hand, does allow for the entire range < 
P < 1. This is because in this term, averaging (integration over the variable x k +\, 
which is part of the argument ofVN{xj — Xk+i)) is performed before squaring, in 
order to obtain the H a -norm. 



Appendix B. Iterated Duhamel formula and boardgame argument 

In this appendix, we prove the main Lemma IB. 31 below, following our earlier 
work 6, 8J, where we used analogous estimates to prove well-posedness results for 
the infinite GP hierarchy. The proof is based on the boardgame strategy introduced 
in [23] (which is a reformulation of a method introduced in [HI ITS] ). 

For notational convenience in this section, we re-interpret the interaction oper- 
ators B^' e k rror in the following way, as operators acting on 7^ +1 ^ instead of 7]^- 
We let 

Rerror „,( fc + 1 ) ' f R+, error Ak+1) _ R -,error (fe+1) \ fR 1 \ 

n N;k+l IN ■— \ n N:i,j:k+l'N N;i,j;k+1'N J K 13 - 1 ) 

l<i<j<k 

where 

f-^JV-iJjfc+lTw j{t> x ii ■ ■ ■ i x k', x±,..., x k ) 

= J dx k+1 V N (x l - xj +1) (t,xi,...,x k , x k+1 •x' 1 ,...,x' k , Xk+i) ■ (B.2) 



40 



T. CHEN AND N. PAVLOVIC 



Notably, 



{^N';i,j;k+l"fN J (t> x li ■ ■ ■ i x k', ^lj • • • , x k) 

p+ , error (k) 
~ a N;i,j;k "fN 

= V N {Xi - X-j)^ {k \t,Xi, . . . ,Xk;x\, . . . ,x' k ) , 



(B.3) 



for k < N — 1, thanks to the admissibility of (7^ )• Similarly, 

r>—, error (^+1) \ {-t I I \ 

^N-iJ-k+l^N I l 1 ' x li ■ • ■ ' x ki x li ■ ■ ■ i x k) 

:= J dxk+iVNix'i - x'j)^ +1 \t, xi, . . . , x k , Xk+i; x[, . . .,x' k ,x k +i) 

= V N {x' l -x' j )j ( - k '>(t 7 x 1 ,...,x k ;x / 1 ,... 7 x' k ) 
for k < N — 1. Then, we define 

td ~~" „,(fe+l) . rtmain (fc+1) . rjerror -.(k+l) /r> a\ 

B N :k+ll N ■- £>N-M+llN + B N:k+llN 

for k < N — 1. For k > N , we define Bjy-.k+i as multiplication by zero. We then 
obtain the operator Bn with 

(S^r)« = i^i 7 ^ +1) (b.5) 

for all fc. We note that {BnT)^ = (B N T N )W for k < N and k > N. On the 
other hand, for k — N, (Bjyr)W differs from the iV-th component of Bj^Tn as 
defubed in section (231 However, for the main result in this section, Lemma [B.3[ 
we will restrict to the range of indices 1 < k < K < N. Therefore, there will be no 
problem arising from this mismatch of definitions, which we admit in this section 
for notational convenience. 

Definition B.l. Let 3 = (H^ fc ^) ne ^ denote a sequence of arbitrary Schwartz class 
functions € <S(RxR fcd xR w ). Then, we define the associated sequence Duh,-(S) 
of j-th level iterated Duhamel terms, with components given by 

Duh^rHt) (B.6) 



i 3\ 

ft rtj—i 



:= (-ifj,y dtf- dt 3 B Nlk+1 e l ^ A ± B N , k+2 e^-^ A 

Jo Jo 

&N;k+2 e 3 ± ) W)- 

for fi = ±1, with the convention 

Duh (Sf)W(i) := (S^)W(t) (B.7) 

/or j = 0. 



Here, the definition is given for Schwartz class functions, and can be extended to 
other spaces by density arguments. The fact that Duhj-(E)( fc ) G 5(K x R fed x R kd ) 
holds in this situation, for all k, can be easily verified. Using the boardgame strategy 
of [53] (which is a reformulation of a combinatorial argument developed in [T31ll5| ). 
one obtains: 
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Lemma B.2. Let a e 21(d). Then, for f = (^ k ' > )keN as above, 

|| Mv(S)W(t) IUj^h-crMxbm) (B.8) 
< /cC*o(c T)'||S (fe+: ' ) || L 2 EjHC v (R (A !+J ) t i ><R (fc+ 3 ) £ i ) , 
where the constants cq,Cq depend only on d,p. 

In [6] [53], Lemma [B. 2 1 is proven for the operator f? instead of -B/v, based on the 
use of Lemma [A. II For the case of -B/v, we invoke Proposition IA.2I instead; the 
argument then proceeds exactly in the same way. 

We then consider solutions °f the integral equation 

Q§(t) = S(t) + * / Bjv - s) §£(s)ds (B.9) 
Jo 

where 3^ (t) = and 9^ (t) = for all k > K, and all i e I = [0, T}. By iteration 
of the Duhamel formula, 

e-i 

(§£) (fc) W = ^Duh^H)^)^) +Duh Jk (0*)W(t), (B.10) 

obtained from iterating the Duhamel formula I times for the fc-th component of 
0^. Since {®%)^ m \i) — f° r a ^ rn > K, the remainder term on the rhs is zero 
whenever n + I > K . Thus, 

[2(JV-fe)/pl 

(®N) ik \t) = Yl Duh,(S)( fe +%), (B.ll) 
j=i 

where each term on the right explicitly depends only on 2 ^ (t) (there is no implicit 
dependence on the solution 0^(i)). 

Lemma B.3. Let 0^ and satisfy (|B.9j) . with only the first K components 
nonzero, and K < N , so that (S^T)^ = (B N T)W for 1 < k < K . Assume that 
€ Lt^jH?, for some < £' < 1, and all K G N. Then, the estimate 

\M\\ L * el H% < C a (T,Z,0\\Z%\\Lt eI H« (B-12) 

holds for < £ < sufficiently small, with ij specified in (|B.16|) . and /or a finite 
constant Cq(T, £, £') > independent of K,N. 

Proof. We have 

(0£) (fc) W = ^Duh^H*)^), (B.13) 

j'=o 

using the fact that (0^) (fe+j) = for j > N ~ k, see (BO) . 
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Using Lemma rB. 21 wc therefore find that 

ll(0£) (fe) ||L ?eJ ^ 
N-k 

< E ll( D ^-(s£ ) (fe+1) (*)IU ?eI H« 

3=0 

N-k 

< Y, nC o( c oT)i\\(E^ k ^\\ LUiHa 

3=0 

N-k 

< (o- k kc* (z/o k E (coner 2 )He) k+3 m%) {k+3) 

3=0 
N-k 

< (tr k kcz m') k E (coT(o- 2 )Ho k+j m N ) {k+j) 

3=0 

-k u /~* n ( C I ' C f \k fi _ (rp £l\ wz^K 

for T > sufficiently small so that c T(£')~ 2 < 1. Hence 



< (o-^c- "(e/n fc ci(T,niis^ii L?ejH ,, (B.i4) 

ttly small so that CqT\ 



feGN 



< Ci(T,C')(E fcC o(C/0 Ml ^ 



fcer 

< C(T,^e)mUL^np, (B.15) 

for £ < 7y£' where 

V < Cn 1 (B.16) 

noting that Co = Co (d, p) . 

This proves the claim for the case p = 2. The case p — 4 is completely analogous, 
and we shall omit a repetition of arguments. □ 
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